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Abstract 

In this article, we will give a characterization of Banach bimodules over C*-algebras of com- 
pact operators that arises from operator spaces as well as a characterization of (F)-Banach bundles 
amongst all (H)-Banach bundles over a hyper-Stonian space. These two characterizations are con- 
cerned with whether certain natural map from a Banach bimodule to its canonical bidual is isometric 
(we call such bimodule regular). 
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Introduction 

The aim of this paper is to study duaUty theory for essential normed bimodules. Given a pre-C*-algebra 
A and an essential normed A-bimodule X, we would like to have a canonical definition of the dual object 
of X which satisfies the foUowing properties: 

1. X'^ is also an essential normed A-bimodule (i.e. the dual object is in the same category); 

2. X'^ dcpends only on X and A; 

3. when A — 3C{P) and X is defined by an operator space, X" is defined by the corresponding dual 
operator space; 

4. when A is commutative, is the essential part of £ja{X, A) (i.e. the duality agree with the usual 
one for commutative algebras). 

Let's forget about the norm structure for the moment and consider a bimodule M over a unital 
algebra R. The natural "dual object" Lfí{M,R) fails to be a i?-bimodule if R is not commutative. An 
easy way to rectify this situation is to "add another copy of i?" and consider Lr{M, ^K) where ÍH is 
the algebraic tensor product RQ R together with the i?-bimodule structure: a ■ {b ^ c) ■ d = abd c. 
Therefore, Líí(Aí, £H) becomes a i?-bimodule (given by the bimodule structure on the second variable of 
i? i?). However, when i? is commutative, L¡i{M,R i?) 7^ L¡i{M, R) unless i? is the scalar field. A 
natural way to correct this is to replace RQ R with i? Qz R (where Z is the center of R). 

We employ this simple idea in Section 1 to define the "regular dual object", X*, of an essential 
normed A-bimodule X (for technical reason, we will assume that A has a contractive approximate 
identity and = A). There is a canonical contraction kx ■ X (the dual of X^). In general, 

Kx is not an isometry and X is called regular if kx happens to be an isometry. It is easy to see that 

is always regular and so, kx{X) is called the regularization of X. Regular bimodule are thought to 
be nice object because of the results in Sections 2 and 3. It is natural to ask whether one can give a 
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canonical characterisation of regularity without exphcitly involving the duahty. We wih show that every 
regular bimodule wih satisfy certain properties (known as pseudo-regularity) which do not involve the 
dual object exphcitly. 

In section 2, we wih consider the situation when A = ^y_^p^%{H\) where A is any index set and 
H\ is a Hilbert space. We wih show that regularity and pseudo-regularity coincide in this case and wih 
characterize regular Banach A-bimodules. 

In section 3, we wiU consider the situation when A is & commutative von Neumann algebra. In 
this case, pseudo-regular bimodules correspond to (H)-Banach bundles and we wih show that regular 
bimodules correspond to (F)-Banach bundles. Hence, the regularization process gives us a canonical 
way to obtain an (F)-Banach bundle from any given Banach bundle (in particular, from an (H)-Banach 
bundle) . 

Acknowledgment: The author would like to thank Prof. Effros and Prof. Ruan for some helpful discus- 
sions on an earlier version of this article (namely, ^J)- The author would also hke to thank the referee 
for helpful comments that lead to simplifications of the arguments of some results and for informing us 
about 0. 



1 Duality and Regularity of Banach bimodules 

Throughout this section, ^ is a pre-C*-algebra containing a contractive approximate identity {/¿}¿g/ 
such that A ■ A = A (i.e. any element of ^4 is a finite sum of elements of the form ab where a,b G A). 
We denote by A the completion of A and recall that an A-bimodule X is (algehraically) essential if 
X = A - X ■ A (where A- X ■ Ais the linear span of elements of the form a-x-b with a,b £ A and x G X). 
For any A-module X, we denote by Xe the essential part A ■ X ■ A oí X. 

Let B he a, C*-subalgebra of M{A) (the multiplier algebra of A) and Za = C(íl) be the center 
of M{A) (where íl is a compact Hausdorff space). By pQ, there exists a C*-semi-norm || • \\m on the 
algebraic Z^i-tensor product AQzj, B which is minimum in some sense (see 2.8]). As in 1 , we denote 

— m — 

hy A ^Za B the Hausdorff completion oi AQz^ B under || • ||„i. 

From now on, we wiU denote by a ®a 1 and a ®a b (or simply a ® 1 and a®b) the canonical images 

— m — m 

oí a & A and a ®Za b € {A ®Za B) in M{A ®Za B) and A ®Za B respectively. Note that the map that 

_ m 

sends a G A to a ® 1 £ M{A®Za B) is a *-homomorphism. 

_ m 

Lemma 1.1 A ®Za B is a normed A-himodule under the multiplication c ■ {a ® b) ■ d = cad ® b and 

— m 

{.fi}iei approximate identity in A for the A-himodule A ®Za B. Similarly, if {gj} is a bounded 

— m 

approximate identity of B , then both (1 ® gj)a and a{í ® gj) converge to a for any a A ®Za B. 

The above lemma may be used implicitly throughout this article. In the foUowing we denote by 21 
the normed A-bimodule A (¡Siza ^ (the A-bimodule structure is as given in Lemma ll.l|l . 

We will now construct the dual bimodule of an essential normed A-bimoduIe. We have already 
stated in the introduction what are expected for dual bimodules. For any essential normed A-bimodule 
X, we denote by La{X,'QÍ) the space of all continuous A-bimoduIe maps from X to 21. Note that 
La{X,^) = La{X,A^'Í^^A) is a A-bimodule with multiplications givenby {a^T^b){x) = {l®a)T{x){l®b) 
{T e La{X,^); a,b£ A; xe X). We set 

X' := La{X,^)e 
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(the essential part of iL^(X, 21)) and call it thc regular dual of X. 

It is clear that X* is an essential normed ^-bimodule (with the canonical norm on La{X^%)) and 
there exists a contraction nx '■ X ^ X'^^ given by Kx{x){íp) = (^(a;)^^^^ (where (12) is the flip of the 

m 

two variables in 21 - it is not hard to see from the definition of ®Za that such flip map exists). 



Definition 1.2 Let X be an essential normed A-bimodule. An element x ^ X is said to be regular in 
X if for any e > 0, there exists T S such that \\T\\ < 1 and \\x\\ < \\T{x)\\ + e. We say that X is 
regular if nx is an isometry. Moreover, the closure of híx{X) in Jí^* together with the induced norm is 
called the regularization o/ X and is denoted by X-^cg, ■ 



In a type of dual bimodule, X\ was introduced. However, X'^ is in general not a Banach A- 
bimodule. Furthermore, the regularity deflned using (i.e. X {X'')'' being isometric) is in general 
strictly weaker than ours. In particular, it wiU not give the relation between (II)-Banach bundles and 
(F)-Banach bundles as obtained using our notion of regularization (see Section 3 below). 

In yet another type of dual bimodule X^ was introduced. If A C £j{H) such that A" is standard 
in ii{H), then X^^^-j is very similar to (except that Hom in J2| are bounded maps while Hom in ¡H¡ 
are completely bounded). lí A = %{H) or if A is commutative, then X¿ = X^ (in both cases, elements 
in X'^ are automaticaUy completely bounded) but it seems unhkely that one can use any result in [H] to 
shorten thc proofs in this paper. 



Remark 1.3 Let X be an essential normed A-bimodule and X be its completion. 

(a) If A is a C* -algebra, then X'^ is closed miLyi(X,2l) (because of the the Cohen factorization theorem). 

(b) X is an essential Banach A-bimodule and X"^ is dense in X'* (since iLyi(JÍ, 21) = iL^(X,2l)J. Thus, 
X is regular if and only if X is regular. 

(c) X is regular if and only if for any x X and any e > 0, there exists T e £ja{X, 21) = La{X, A-2t- A) 
such that \\T\\ < 1 and \\x\\ < ||T(x)|| -f- e (note that • T{x) ■ fi — T{x)'^ < e/2 for large enough i 
because of Lemma \Ll]) . Consequently, essential submodule of a regular bimodule is again regular. 

(d) Since (kx)" ° kx= = idjfs cind both kx^ o.nd («x)* : (X*'*)* — > are contractions, kx^ is always 
an isometry. Therefore, X''^ is regular and so is X^cg (by part (b)). Moreover, ifY is an regular normed 
A-bimodule and T G ÍÍa{X, Y), there exists r,.cg G iL^(Xrcg, Y) such that T = Trog o kx^ 



It is natural to ask if one can characterise regularity without flnding the regular dual. In some cases, 
this can be done using the notion of pseudo- regularity as deflned in the foUowing (ahhough, this is not 
the case in general; see e.g. Section 3). 



Definition 1.4 (a) A semi-norm p on a A-bimodule X is said to be absolutely A-convex if for any 
ai, a„, bi, bn ^ A and any xi, Xn G X , 



< 



\ 



a,a¡ 



max p{xi) 

i—l ,n 



\ 



i=l 



Moreover, an essential normed A-bimodule is said to be absolutely A-convex if its norm is absolutely 
A-convex. 

(b) An essential normed A-bimodule X is said to be pseudo-regular if it is absolutely A-convex and its 
completion X (which is a unital M{A)-bimodule in the canonical way) is a commutative ZA-bimodule. 
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If ^ is a C*-algebra and X is an essential Banach yl-bimodule, then ¡121 Proposition 2.2] teUs us that 
one only needs to considcr n = 2 in thc dcfinition of absolute A-convexity 

Example 1.5 (a) If A = ^¡Ij X{H,) (cQ-direct sum), then we have 2t = 0^^^ OCiH^) (g) X{H,). 

(b) If A = Moo ( the space of all infinite matrices with finite numbers of non-zero entries, considered as 
a subspace ofX{P)), then 2t = X{P)'»%{P). 

(c) If A = Cq{ÍI) for some locally compact space íl, then 21 = Cq{^). 

(d) Let H be an infinite dimensional Hilbert space, W be an operator space, X := W(¿)!}C(ií) (spatial 
tensor product) and X* := Ljc{h){X;X{H)^X{H)). It is clear that for any T e CB(W; 3C(ií)), we 
have T ® \á.-x[H) G X'^ . Conversely, any Lp G X"^ restricts to a map 

<^o G i:3c(P)(W®3C(P);3C(ií)cg)3C(P)) CB(W;3C(ií)) 

(see e.g. J3 l-^])- IfT G CB(W;3C(Ü)) is the corresponding element ofípa, then clearly (p = Ti^idx^H)- 
Consequently, X" = CB(W; 3C(ií))£; (see the first paragraph). 

(e) For any Hilbert space H, one can consider %{H)* as an essential normed %{H)-bimodule. In this 
case, (3C(ií)*)i.og = %{H). In fact, %{H)* (3C(ü)*)i.cg is the identification of %{H)* as the set of 
trace-class operators. 

(f) Suppose that A = %{P) or Moo and X is an essential normed A-bimodule. Then a closed subset 
D C- X is absolutely A-convex if and only if for any disjoint projections p,q G A and any a G A with 

^ Ij have p-D-p-\-q-D-qCD, a ■ D C D and D ■ a C D. In fact, the case of A = Moo is more 
or less the same as ^ 3.2] and the case of A = %{P) follows from some completion arguments. 

Proposition 1.6 If X is a regular normed A-bimodule, X is pseudo-regular. 

Proof: Let U and V be the closcd unit balls of X and X^ rcspectively. The regularity of X mcans 
that U = {x ^ X : \\Lp{x)\\ < 1 for any ip G V}. Therefore, X is absolutely A-convex (note that the 
norm on 21 is absolutely A-convex). For any ip G X'^ , z G Za and x = (^kXkbk C X {ok, bk G A and 

Xk € X), we have 

n n 

(p{z ■ x) = ^{zak®l)(p{xk){bk®l) = '^{ük ® l)(p{xk){bkZ ® l) = (p{x ■ z) 
fe=i fe=l 

and so z ■ X = X ■ z (as X** separates points of X by Remark ll.^r c')'). Thus, X is pscudo-rcgular because 
the multipHcations are continuous. □ 



2 The case when A = 0^^^ X{H,) 

We wiU first consider the case when A = %{H) (whcrc ü is a Hilbert spacc). In thc foUowing, ® is the 
spatial tensor product of two operator spaces. 



4 



Theorem 2.1 Let X be an essential Banach %{H)-bimodule. The following statements are equivalent. 

(1) X is regular. 

(2) X is pseudo-regular. 

(3) There exists a complete operator space W such that X = 'W(É)OC{H). 
Proof: (1)^(2). This foUows from Proposition II .sr b) . 

(2) =í>(3). By the theorem in p.333 of jj^li there exists a Hilbert space K, a non-degenerate *-representation 
TT oí%{H) on K as weh as an isometry J : X — > £j{K) such that J{axb) = ■K{a)J{x)Ti{b) {a, b G %{H)] x G 
X). Note that there is a Hilbert space E such that K = E ® H as well as 7r(a) = 1 (g) a and so we 
can assume tt = 1 Cg) id and J = id. Let W := {y e ^{E) : y ® a & X for any a e %{H)^. Clearly, 
W(8)3C(ií) C X. Suppose {£,í\í£I is an orthonormal basis for H. For any i,j e /, we set 

e.ÁO ^^{^1,0 and uj,,,{t) := {^,,t^,) {( e H;t e í:{H)). 

Then (id uj.j.k){x) (g) Oij = (1 (g) 9ij)x{l (8) 0k,i) ^ X {x e X; i,j, k,l e I) and so (id i^j,k){x) G W. 
Furthermore, since X is essential, certain finite sums of elements of the form 

{l(S)9ta)x{l®0jj) = (id(X)w,,j)(a;) (8)6»,^ G W(g)3C(ií) 

converge to x in norm and so X = 'W(g)%{H) as required. 

(3) ^(1). If dimJí = n, thcn X = Mn{W) as normed M„-bimodulcs and this imphcation foUows 
from 01 2.3.4] (note that CB(W;Aí„) = X"^). On the other hand, if H is infinite dimensional, thcn 
(V(Í)!}C(ií))^ = CB(V; !}C(ií))£; for any operator space V (by Example ll.sr d'l'l. Therefore, we have: 

W(É)%{H) C CB(W*;3C(Ü))£; = (W^^JC^Ü))" 

= (CB(W;3C(Ü))£;)^ = {W®%{H))"' 

{W*(É)%{H) = CB(W; DC^Ü))^; because there is an approximate unit in %{H) consisting of finite rank 
projections). It is not hard to check that the above embedding is precisely kx and thus X is regular. □ 



Remark 2.2 (a) The equivalence of (2) and (3) is probably known (e.g. one can use 2.1] and \14\ 
Proposition 3.3] to obtain this in the case of H = P). However, we decided to give a proof here for 
clarity and completeness. 

(b) Let {^i}iei be an othonormal basis for H and A be the linear span of {9ij : i,j G i}. One can use 
the completion consideration in Remark \1.3\ to obtain a similar result as the above theorem for A. In 
fact, there is also an elementary proof for this fact (without using the theorem in ll¿^ ) but such a proof 
is much more lengthy. 

Suppose that A is the CQ-direct sum 3C(Üa) and d\ ^ A corresponds to the identity in L{H\). 

Then Za = co(A) and 21 = 0^g^3C(ÜA) ® %{H\). Let X be a pseudo-regular Banach A-bimodule. 
Then it is not hard to see that X\ := d\-X is a. regular Banach 3C(ÜA)-bimodule and X is the co-chrected 
sum 0^g^XA. Using this, one can check easily that X is also regular. Thus, we have thc foUowing 
theorem. 

Theorem 2.3 Let A be an index set and H\ be a Hilbert space for any A 6 A. Suppose that A = 
^^g^3C(ÜA) and X is a pseudo-regular Banach A-bimodule. Then X is regular and there exists a 
family of operator spaces {WaIasA such that X = 0^^^^ Wa(¿)3C(Üa). 

The first two parts of the foUowing coroUary foUow easily from Theorem 12.11 (or more precisely, 
R.emark l2.2f b)) and the final part foUows from the above theorem. 
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Corollary 2.4 Let X be an essential normed A-bimodule. 

(a) Suppose that A — Mn. Then X is regular if and only if there exists an operator space W such 

(b) Suppose that A = Af„. Then X is regular if and only if there exists an operator space Y such that 
X = Mn{Y) under the norm induced by the operator space structure ofY. 

(c) Suppose that A = cq. Then X is regular if and only if there exists a sequence of Banach spaces {Xk\ 
such that X is a normed CQ-submodule o/^^g^Xfc. 

In the remainder of this section, we wiU give two remarks concerning thc case when A = 3C{P). 
First of all, Theorem 12.11 aUows us to detect some hidden operator space structures. For example, if 
V is a completc operator space, then any essential Banach 3C(Z^)-submodulc of 3C(¿'^)(8)V is of the form 
3C(Í^)(8)U for some operator subspace U of V. As for another example, if Y is an essential operator 
A-bimodule of a C*-algebra A, one can use the 3C(Z^)-bimodule approach to show the existence of a 
canonical operator space structure on the space of double centralizers Ma{Y) that turns it into a unital 
operator il/(A)-bimodule in a canonical way (see e.g. [10!, p.310]). 

Secondly, "regularization" is a process that produces a canonical complete operator space from any 
essential Banach 3C(/^)-bimodule. The foUowing corollary shows that it is actually a left adjoint of the 
forgetful functor from the category of complete operator spaces to the category of essential Banach 
3C(Z^)-bimodules (note that if W is the operator space such that X,-cg = W(§)3C(Í^), then the foUowing 
coroUary shows that CB(W, V) = Ljc(p){X ,X{P)i^Y) canonically) . 

Corollary 2.5 Let X and Y be essential Banach X{P)-bimodules. Any ip € Lx(p){X,Y) induces a 
map tfii-cg G 'C'3c(/2) (^rcg, ^cg) such that 

íprcg ° Kx ^ ky o and ||v3rcg|| < ||</'||- 

// in addition, Y is regular, then ||í^rcg|| = Consequently, the canonical map, kx ■ 'C'3c(/2) (^rcg, 3C(Z^)®V) 

Lx(i'^){X,%{P)^'V) is an isometry for any complete operator space V. 

Proof: Consider íp" : y ^ X'^ given by </?*(/) = f o p. It is easy to see that \\(p'^\\ < \\p\\. Hence we 
have a bounded 3C(Z^)-bimodule map (/?** : X""^ — > F*'' such that 

ip'"' o Kx = Ky o p 

and Wp'^'^W < Wv'^W ^ II '/'II- Now, the restriction of (/?*" on Xi-cg is the required map Preg. Finally, if Y is 
regular, Ky is an isometry and so WpW — ll'/'rcg||||'íx|| < ll'/'rcgll- D 



3 The case when A is a commutative von Neumann algebras 

Throughout this section, Í7 is a compact Hausdorff space and X is an essential Banach C(í7)-module (i.e. 
comniutative Banach C(O)-bimodule). For any x G X, we denote by X{x) the closed C(0)-submodule 
C{Q)-x. 

As noted in X is pseudo-regular if and only if it is a C(f2)-convex module in the sense of 13 
p.40]. Therefore, it is the case if and only if X is the space of continuous sections of an (H)-Banach 
bundle (see |21 p.8] and |21 2.5]). Let us first give the foUowing (probably well known) lemma. 
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Lemma 3.1 Let f G C{Q)-¡- and h : Q ^ be an upper semi-continuous function. Then f < h if and 
only ifWgfW < WghW sup^^^ g{uj)h{uj) for any g G C(íí)+. 

Proof: The necessity is clear. Suppose that there exist uo G ^ and r G M+ such that /(wq) > r > h{ujo). 
Then W = {lü ^ D, : h^uj) < r < f{uj)} is an open set containing ujo. If g is a continuous function from 
to [0, 1] such that < g <l, g{uJo) = 1 and g vanishes outside W, then WgfW > r > Wg^-W- ^ 



Remark 3.2 For any function h : ^ IR+, we define := sup^^j^ h{uj) and 

WhWe '■= inf < sup h{uj) : A is an open dense subset of > . 

UeA J 

If h is upper-semi-continuous, then 

WhWe = inf |sup h{uj) : S is a dense subset of íl| . 

Proposition 3.3 Suppose that X is a C{fl)-convex Banach module and x G X. Define ||x||e := || |x| We 
(where \x\ {uj) = \\x{uj)\\). Then the following statements are equivalent. 

Ñ W^W = W^We- 

(ii) For any e > 0, there exists f G C(ri)+ such that f < \x\ and \\x\\ < \\f\\ + e. 

(iii) X is regular in X{x) = C(S1) • x (see Deñnition M.^I . 
Consequently, if X is regular, then \\x\\ = \\x\\e for any x £ X. 

Proof: (i)=>(ii) Since G := {uj £ ^ : \x\ {uj) > ||x||e — e} is a closed set in íi (as |a;| is upper semi- 
continuous), G contains an open set V (otherwise, the open set {o; G : |a;| {uj) < ||a;||e — e} is dense which 
contradicts the definition of ||a:||e). Take any ujo G V. Let / G G{ü,) be such that < f{uj) < ||x||e — e 
(w G íí), /(wo) = ||2:||e — e and / vanishes outside V. Then clearly / < |a;| and ||x||e = ||/|| + e. 

(ii) =>(iii) For any e > 0, let / be the function as given in statement (ii). We first show that íp : X{x) 
C(íl) given by Lp{g ■ x) = gf is well defined. Suppose that g G C(íl) such that g{uj)x{uj) = for any 
w G íl. If g{uj) ^ 0, then x{uj) = and so f{uj) = which imphes that gf = 0. Thus, ip G X^x)'^ is a 
well defined contraction such that ||a;|| < ||'y5(a;)|| + e. 

(iii) =>(i) It is clear that ||a;||e < ||a;||. For any e > 0, let «^9 G X^x)'^ such that WfW ^ 1 ^nd ||x|| < ||iy9(a;)||+e. 
Put / = |<(9(x)| G C(íl)+. Then for any g G C(íl)+, we have {g \(p{x)\){uj) = \ip{g ■ x)\ {uj) for any w G íl 
and so, 

l|g/ll = sup |í/3(g • x)(tj)| = ||^(g-a;)|| 

< llg^a;!! = snp g{iü)\\x{uj)W = \\g\x\\\. 

Hence / < |a;| (by LemmaEHl) and ||/|| = ||/||e < ||a;||e. Thus, 

\\xW < \\V{^)W+^ = \\f\\+e<\\x\\e + e. 

□ 



Lemma 3.4 Let X be a C{Cl)-convex Banach module. The map x i— > ||a;||e is an absolutely G{Cl)-convex 
seminorm on X . 
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Proof: Let /i,/^ G C{n)+ with ||/i + /2II < 1 and xi,X2 & X with ||a;i||e, ||a;2||e < 1- For any e > 0, 
there exist open dense subsets Ai and A2 such that supj^g^. ||a;¿((jj)|| < 1 + e (¿ = 1, 2). If A = Ai n A2, 

Wfl ■ Xi + ¡2 ■ X2\\e < Snp \\fi{LL>)xi{LL>) + f2{uj)x2{uj)\\ 

< SUvfi{L0)\\xi{iü)\\+f2{i0)\\x2{iü)\\ = 1 + 6. 

uieA 

□ 



Remark 3.5 || • ||e is a norm if the underlying topology of the (H)-Banach hundle {p,E,fl) associated 
with X is HausdorjJ. In fact, suppose that y X such that \\y\\e = 0. For any n G the open set 
{lj : \\y{Lü)\\ < 1/n} is dense in Í2. Therefore, by the Baire's Category theorem, 

Ky := {lo e n : y{Lü) = 0^} = f]{üJ : \\y{üj)\\ < l/n} 

nefi 

is dense iníl ( where 0^^ is the zero of the fihre at lj ). Consider the map j : ^ E defined by j{üj) = Oi^ . 
By condition (4) of 1.1], we see that j is a continuous map and so j{íl) is compact in the Hausdorff 
space E. Thus, Ky = y~^{j{íl)) is also closed in Q and hence Ky = Í7. This shows that y = 0. Thus, 
II • ||e is a norm on X . 

In the foUowing, we denote by Xcss the completion of {X/N, \\ ■ ||e) (where N = {x ^ X : \\x\\e = 0}). 
A natural question is whether X = X^ss for any absolutely C(f2)-convex Banach module X. This is of 
course, true if íl is a finite set. The foUowing example shows that it is not the case in generaL 

Example 3.6 Let íl be a compact Hausdorff space with a non-isolated point cj e Í7. One can turn C 
into a Banach C{íl)-module, denoted by X , through the multiplication f ■ r = f{Lj)r. It is not hard to 
check that X is C{il,)-convex and so X = T{E) for an (H)-Banach hundle E over íl. By the construction 
in p. 35-36], we see that the fihre E^^ equals C while E^ = (0) for any i/ G \ {lü}. There exists 
y G r(£') such that y{uj) = 1. Thus, 

iiv^uj 

1 'Ú V = UJ 

(which is clearly not continuous as lü is not an isolated point) and so \\y\\e = (in fact, \\x\\e = for 
any x ^ X). 

Theorem 3.7 Let n he a Stonian space and X be a C{íí)-convex Banach module. Then Xiog = ^ess^ 
Consequently, if X comes from an (F)-Banach bundle, then X is regular. 

Proof: By the argumcnt of "(i)^(ii)" in Proposition l3.3l we see that for any x & X and e > 0, there 
exists / e C{íí)+ with / < |a;| and 1|/1| = ||a;||e — £• Moreover, by the argument of "(ii)=>(iii)" in 
Proposition l3.3l the map ip : X{x) — > C(rí) given by ip{g ■ x) = gf is weU defined. As / < |a;| and / is 
continuous, 

II5/II = llg/lle < 11.9 -2:11« 

for any g G C{il). Therefore, 1^9 is a contraction from the semi-normed space {X{x), \\ ■ ||e) to C{il) and 
so it defines a contraction in {X{x)css)'^ , also denoted by ip, such that ||a;o||e < ||9'(2;o)|| + e (where xq is 
the image of x in Jí(x)css)- It is not hard to check that X{x)css = Xcss{xo)^ Thus, as is Stonian, ip 
extends to G {Xcss)"^ such that 11-011 = \\p\\ < 1 (by 3.10]). Hcnce X^ss is regular. 
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On thc othcr hand, suppose that Y is a regular Banach C(íl)-bimodule and $ E Lc(n){X, Y)- Lct E 
and F bc (H)-Banach bundles over íl such that X = r(i?) and Y = T{F) (note that as Y is regular, it 
is C(íl)-convex and such F exists). Then $ induccs a Banach bundlc map : E ^ F. By Proposition 
ESl \\y\\ = \\y\\e for any y £Y. Thus for any z€ X, 

||$(z)|| = 11*0 211 = ||vI/oz|¡e = inf <^ sup ||\P(z(w))|| : A is dense in Í2 1 

< ||-I>|¡ • inf i sup ||z(cj)|| : A is dense in rí l = 1¡$|¡ • ¡|z|¡e. 
UeA J 

Consequently, $ factors through an element in £jc{a){Xess,Y) uniquely. Sincc Xcss is regular, it is the 
rcgularization of X. The second statement comes from the fact that ¡|a::|¡ = ¡¡a;¡¡e if X comes from an 
(F)-Banach bundle. □ 



This theorem and Rcmark 13.51 show that if Í7 is a Stonian space and iJ is a Hausdorff (H)-Banach 
bundle over íl with X = T{E), thcn kx is injcctive. 

Remark 3.8 Suppo.se that Q is a compact Hausdorjf space, Y is a normed C{Q)-module and n : Y 
C(íl)+ satisfy the three conditions in P-i^]. Then n extends to the completion Y of Y which also 
satisfies the same three conditions. Injact, —n{y—z) < n{y)—n{z) < n{y—z) implies that \\n{y)^n{z)\\ < 
\\n{y — z)\\ = \\y — z\\ (y,z GY). It is not hard to see that this gives a well-defined map from Y to C(Í7)_|- 
(as C{Q)-^ is complete) which satisfies the three conditions in O P-4V- 



Theorem 3.9 Let be a hyper-Stonian space and X be a C{fl)-convex Banach module. Then X^ss 
the space of continuous sections of an (F)-Banach bundle. 

Proof: Let bc a maximal family of positive normal measures on Í7 with disjoint supports and 

let E!¿ be the support of ^i. Then S := IJ¿gj 2^ is an open dense subset of O and defines a Radon 

measure ^ on S such that C{íl) = L°°{E,^) (see the argument of "(i)^(ii)" in ^3 HI.1.18]). Denotc 
by USC(r2)+ thc set of all upper semi-continuous functions from íl to M+. For any h G USC(íl)+, we 
let 'íp{h) bc the cquivalcncc class oi h\s in i°°(S, /i). We first show that 

|¡/l|¡e = |¡^(/l)¡¡oo. 

Let A C S be a measurable set such that /i(A) = 0. Then /i,;(A) = for aU i G / and so A is nowhere 
dense in Í7 (see HL1.15]). The set A = A U (íl \ S) is closcd and nowhere dense in Í7. Since 
\ A C S \ A, we see that 

SUp h{Lü) < SUp h{Lü). 

As A is an arbitrary mcasure zero set, \\h\\e < ¡¡?/'(^)¡¡oo. Conversely, supposc that A is a closed nowhere 
dense subset of Í7 and lct A = A n S. Let C be a compact subset of A. Then C is also nowhere dense 
in Í7 and /¿¿(C) = for any i G I (because of T7, III.1.15]). Thereforc, /i(C) = t^i{^) — ^ ^^'^ 

by thc regularity of /i, we have /i(A) = 0. Since 

sup h{LL>) < sup h{uj) 

and A is an arbitrary closed nowherc dcnsc subsct of fí, we see that ¡¡"iAei^üoo < \\h\\e- Now, as g i-^ ijj{g) 
is thc canonical isomorphism from C(fi) to L°°{E,iJ,) (see the argument of HI.1.18]), the above 
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shows that for any h G USC(r2)-|-, there exists a uniquc g G C(f2)_|_ such that g = /i on an open and 
dense subset of S (and hcnce of Í7). This induccs a map 

: USC(Í7)+ -> C{n) + 

such that 110(^)11 = ll^lle- For any g G C(íl)+ and G Í7S'C(Í1)+, it is not hard to see that <¡){gh) ~ g(t>{h). 
If we set n{x) := 0(|a;|) G C(Í7)+ {x G X), thcn |¡a;||e = ||?í(a;)|| (because |a;| is upper semi-continuous). 
Hence, 'ú x,y ^ X such that ||j; — y\\e = 0, then ||(|a; — y\) \ e:||oo = and so \x — y\ = Q a.e. on 2 which 
imphes that |x| = \y\ on an open dense subset of S. This shows that if ^oss the image of X in Xgss, 
then n induces 

ñ : ^ C(Í7) + 

which satisfies conditions (l)-(3) in p.47]. In fact, for any g G C(íl) and any y E X, 

ñ{g-yo) = ñ{{9-y)o) = <l>{\9 ■ y\) = líl'/'dyl) = \9\Hy0) 

(where {g ■ y)o and yo are the images oí g ■ y and y respectively in Xcss)- By Remark 13.81 we see that 
ñ can be extended to Xoss- Thus, Xcss is the space of continuous sections of an (F)-Banach bundle (see 
e.g. m p.47-48]). □ 



Remark 3.10 We would like to thank the referee for informing us about ^ and for telling us that one 
can use the results in Section 6] to obtain the above theorem in an easier way. We left it to the 
readers to check the details. We decided to keep the proof as above because it is more elementary and 
our approach is completely different from the results in '7/. 

Definition 3.11 Let E and be respectively an (H)-Banach bundle and an (F)-Banach bundle over 
Í2 and let be a Banach bundle map from E to E^. Then {Ec, í") is called the continuous envelop of E 
if any Banach bundle map from E to any (F)-Banach bundle over Vl factors through ^ uniquely. 

It is not known if {Ec,"^) always exists but it is the case when íl is a hyper-Stonian space because 
of Theorems EH and EHl 

Corollary 3.12 Suppose that Í7 is a hyper-Stonian space, E is an (H)-Banach bundle over Q and 
X = T{E). Then E^ exists and Xcss = ^{Ec)- 

Corollary 3.13 Let be a hyper-Stonian space and X be a C'{fl)-convex Banach module. The following 
are equivalent: 

(i) X = Xoss- 

(ii) X is regular. 

(iii) X = T{E) for an (F)-Banach bundle over f2. 

Remark 3.14 As seen in Examvle \S.b\ not every (H)-Banach bundle over a hyper-Stonian space is an 
(F)-Banach bundle. Therefore, regularity and pseudo-regularity do not coincide in this case. 
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